W. M. Hirsch formulated a beautiful conjecture on a maximum of diameters of convex polyhedra with both fixed dimension and number of facets. This is still unsolved for about 50 years. Here, I suggest a new method of argument from the viewpoint of deformation of polytope. As a candidate of the clue to the complete-proof, there's some conjectures which are all sufficient for the original problem.
Introduction
In 1957, W. M. Hirsch proposed conjectures so-called Hirsch conjecture and d-
Step conjecture respectively, and reported in the 1963 book [1] and his article [2] . Hirsch conjecture states that the maximum diameter of (the graphs of) d(≥ 2)-polyhedra with n facets (which means maximum proper faces) ∆(d, n) ≤ n − d, and as a special case of n = 2d, d-step conjecture states ∆(d, 2d) = d (an opposite inequality can be easily seen). Though these are proved to be equivalent, both aren't yet solved. We have to pay attention that there are 2 versions to each conjecture, corresponding to whether we admit unbounded polyhedra or not. (bounded polyhedra will called polytope in this paper) From now on, we restrict our attention to only bounded case (polytope), which may even be not so essential restriction.
This problem is originated in the problem on computational complexity of algorithms for linear programming. Therefore, these aren't only beautiful combinatorical problem, but also there's lot of important applications to that area.
For the evaluation of ∆(d, n), Adler[4] proved the left hand side of following inequality, and Kalai and Kleitman [9] recently proved , with a beautiful concise method, the right hand side.
(1) * ug-odaka1729@u01. gate01. com But here, they don't tell whether ∆(d, n) grows like polynomial or not.
The most simple equivalent form of this conjecture is the non-revisiting path conjecture, whose equivalence with the original is proved in [3] . It conjectures the following: any two vertices of a simple(i. e. all the vertices has exactly d facets containing it) polytope P can be joined by a path that does not revisit any facet of P. What [3] do is not only prove the equivalence of these, but also the equivalence of them to just the special case of the Hirsch conjecture. d dimensional Dantzig figure, defined in [3] , means the triplet (P, x, y) (P is a d dimensional simple convex polytope , with just 2d facets, half of which includes x, and the others includes y. )Then, [3] proved that if for all simple Dantzig figure (P, x, y), the distance(graph-theoritical) between x and y isn't more than its dimension, Hirsch conjecture holds. When there's no problem, we sometimes omit (x, y) . Furthermore, in [3] , the (bounded) Hirsch conjecture has already proved for the dimension less than 6, and there's counterexample proposed for the unbounded case.
And also the result of [5] should be mentioned, in which they take the version of the conjecture written in the word of dual-polytope, and found a counterexample to the non-revisiting conjecture which is a triangulated 11-sphere with 24 vertices. It means we may not verify the original conjecture in completely topological method. They found 11 dimension counterexample and finally that for 3 dimensional one.
For more details about the conjecture, I recommend a great summary [7] . In this paper, we call Hirsch-polytope, as in [3] , which is a convex polytope that satisfy Hirsch conjecture. And we say the polytope (n, d)-type, when there're n facets and that is d dimensional polytope.
The Fundamental Deformation
First of all, we think of the problem in whole ddimensional Euclid-space R d , and regard each of the facets as hyperplane in R d . Let's note F i [P] (1 ≤ i ≤ n) the facets of the particular polytopeP, π i [P] the hyperplane corresponding to the facet F i [P] . In the case, what polytope P we're thinking is obvious, we usually omit it and denote just like F i . Now, we introduce here the basic concept and key of this paper, fundamental deformation. It's quite a natural concept which is the following. • For 0 ≤ t < t 0 , the segment vw is an edge of the polytope, so we can assume that is the intersection of π j (3 ≤ j ≤ d + 1).
Definition 2.1 Think about the continuous move of a particular hyperplane π i , which is corresponding to a facet F i of P. Strictly speaking, that means the family of polytopes P(t)(0 ≤ t ≤ 1), whose facets (of each) are π j [P](i = j)s and a hyperplane
• For t 0 < t ≤ 1), the intersection of π j (j = 1, 2) and the P(t) is d − 2simplex. proof: For n ∈ {0, 1, . . . l − 1}, there're two cases possible for the edge p(n)p(n + 1).
• If it doesn't touch the segment vw, we doesn't change it.
• If it's vw itself, we can take alternative segment without modifying p(n − 1)p(n) and p(n)p(n + 1) (strictly speaking, the part of them) from the d − 2simplex which will be constructed between π 1 and π 2 in P(1). (since the graph-theoritical diameter of the simplex is 1)
Our Program
In this section, we'll explain the fundamental principle to beet the longlyremained conjecture. First of all, let's G(n, d) be the set of combinatorics-type of all the polytopes of (n, d)-type. Let's regard this as an oriented graph, with vertices set itself, and if there's a fundamental deformation from P 1 to P 2 , we connect (from the former to latter) with an arrow.
From the previous Corollary, we see the basic and most important property of this graph: 
Each edge of p, is corresponding to the fundamental deformation(let's assume that this is a fundamental deformation following the edge e of the polytope, from P to Q)which satisfys the following: All the edge of geodisics between x and y is either, e itself or doesn't touch e.
We omit the proof here, which is obvious from the previous Corollary.
Definition 3.2 We'll call the deformation or the corresponding path of the graph, good deformation(resp. path).
As it's proved in [3] to be sufficient to prove the whole, now we restrict our attention to the d dimensional 
things as we did for G(n, d). We call these graphs(G(n, d) or D(d)), moduli-graphs.

Proposition 3.3 D(d) is strongly connected graph; for any two d dimensional Dantzig figures D 1 and D 2 , there's other d dimensional Dantzig figures D ′
1 and D ′ 2 such that the latter is a deformation of the former one.
proof: Lemma 3.4 For all d dimensional Dantzig figures (D, x, y), there's a Affine transformation f such that:
• f (x) = (0, . . . , 0) and f (y) = (0, . . . , 0, 1)
proof of the Lemma:As D can be written as an intersection of two cones C x and C y , which have x and y respectively as vertices. At first we linear-transform D to make C x identical to {(x 1 , . . . , x n ) | x i ≥ 0} + x. Then, the boundedness of
From this argument with coordinate, we can see now C x − x and C y − y (parallel transformation of the original cones) have only common point {0, 0, . . . , 0}. Therefore from the famous separation theorem (cf. [10] ), there's a hyperplane π which have only common point (0, . . . , 0) with C x − x ∪ C y − y, separating them. Then, the parallel hyperplane of π which pass through x and y put D between them.
Finally, as we can see easily, there's a Affine transformation which moves x and y to (0, . . . , 0) and (0, . . . , 0, 1) respectively conserving the condition that parallel planes which pass through x and y as only common point with D respectively, put D between them. The proof ends here.
back to the proof of Proposition: Take the Lemma's Affine transformation f 1 and f 2 of D 1 and D 2 respectively. It's easy to see that we can take them so that f 1 (D 1 ) ⊇ f 2 (D 2 ) . Then, let's assign each facets of D 1 which pass through x(resp.y), a facet of D 2 which passes through x(resp.y) bijectively. Just push facets of D 1 one by one to deform it to become D 2 , we complete the proof of the Proposition here. 
3-geodisic conjecture
Previous section is just an rough idea. Now, in this section, we'll introduce some new conjectures which follows the basic idea of all the above. All these conjectures have been made, with inspiration from lowdimensional case, in which they are true. See the next section.
The basic conjectures are the following: Now what we're interested is the following. proof: Let's (P, x, y) be the fixed d dimensional Dantzig figure. It's sufficient to prove that for any edge e of P which doesn't touch x nor y, there's a path with minimum length(graph-theoritical diameter) satisfys one of the following.
• p doesn't touch e.
• p includes e (not just touch)
The edges which satisfys one of the above will also be called good and not good edge which doesn't touch x nor y, will be called bad. Assume there's bad edge e 0 , and let's p 1 , p 2 be any of the geodisics between x and y. By definition, e 0 should have one vertex on p 1 and the other on the p 2 . So if there's 3 geodisics between x and y, it contradicts.
Therefore the conjecture: (we continue. . . )
